For every prime p ≥ 5 for which a certain condition on the class group Cl(Q(µ p )) is satisfied, we construct a p-adic analytic Galois extension of the infinite cyclotomic extension Q(µ p ∞ ) with some special ramification properties. In greater detail, this extension is unramified at primes above p and tamely ramified above finitely many rational primes and is isomorphic to a finite index subgroup of SL 2 (Z p ) which contains the principal congruence subgroup. For the primes 107, 139, 271 and 379 such extensions were first constructed by [4] and [1] . The strategy for producing these special extensions at an abundant number of primes is through lifting two-dimensional reducible Galois representations which are diagonal when restricted to p.
Introduction
Let p be a prime number, the tame Fontaine-Mazur conjecture posits that an infinite Galois extension of a number field which is isomorphic to a p-adic analytic group is either ramified at infinitely many primes or is infinitely ramified at a prime dividing p. It is natural to ask if such extensions exist once we pass up an infinite cyclotomic extension Q(µ p ∞ ). We show that there are abundantly many primes p for which there exists such an extension of Q(µ p ∞ ) whose Galois group is isomorphic to a finite index subgroup of SL 2 (Z p ) with tame ramification above finitely many rational primes and unramified at primes above p.
Let p ≥ 5 be a prime and denote by H ′ Q(µp) the p-Hilbert Class field of Q(µ p ), we identify Gal(H ′ Q(µp) /Q) with the p-part of the class group Cl(Q(µ p )). We observe that p is split in H ′ Q(µp) . We associate a Galois representation to class group data. Denote by C := Cl(Q(µ p )) ⊗ F p andχ the mod p cyclotomic character. The Galois module C decomposes into isotypic components
is unramified at every prime, • since the prime p is split in H ′ Q(µp) , the local Galois representation at p splits into a sum
For an introduction to the deformation theory of Galois representations, the reader may consult [3] . We examine deformations ofρ with some prescribed local properties. In particular, the local deformation condition at p should ensure that on passing up the infinite cyclotomic extension Q(µ p ∞ ), our deformations are unramified at primes p|p.
Our construction is based on that of Hamblen and Ramakrishna who in [2] deduce the weak form of Serre's conjecture for a reducible residual Galois representation which satisfies some further conditions. The only departure that our lifting construction takes from [2] is in the choice of the local deformation condition at p. Theorem 1.1. Let p ≥ 5 be a prime and C := Cl(Q(µ p )) ⊗ F p . Suppose that there exists an odd
be the Galois representation associated to an F p -line in C(χ i ). There exists infinitely many lifts ρ ofρ
In particular, ρ is abelian at I p .
• ρ is unramified outside a finite set of primes.
The lift ρ gives rise to an extension Q(ρ) of Q(µ p ∞ ) which is taken to be the fixed field of kerρ ⊂ G Q . This extension is unramified at primes above p. Furthermore, at a prime l = p, since the residual representationρ is unramified, the lift ρ is tamely ramified at all primes l ∈ S/{p}, we are left with the following result. Corollary 1.2. Suppose that p ≥ 5 be a prime and i = p−1 2 an odd integer between 2 ≤ i ≤ p − 3 for which the isotypic space C(χ i ) = 0. There are infinitely many Galois extensions L/Q(µ p ∞ ) for which
• the Galois group Gal(L/Q(µ p ∞ )) topologically isomorphic to a subgroup of SL 2 (Z p ) which contains the principal congruence subgroup. • L is unramified at primes above p and ramified above finitely many rational primes at which it is tamely ramified.
p does not divide the class number of the totally real subfield Q(µ p ) + ⊂ Q(µ p ), i.e. Vandiver's conjecture is satisfied at p. This seems to indicate that there are infinitely many primes at which p the implication of Corollory 1.2 is satisfied.
Such p-adic extensions L were first constructed by Ohtani [4] and Blondeau [1] and their methods relied on lifting suitable irreducible Galois representations which are extraordinary at p. The construction in [1] relies on the existence of an eigenform f with companion forms (and thus extraordinary at p) such the image of the residual representationρ f contains SL 2 (F p ). Computations for p < 3500 show that there are precisely four primes 107, 139, 271 and 379 for which such an eigenform f exists.
The only difference that the lifting construction in this paper has from that in [2] is in the deformation condition at p. In [2] the deformation condition at p is the ordinary condition. In this context, the resulting deformation is modular and ordinary. In this manuscript we choose a diagonal deformation condition at p. The choice of the deformation condition at p does not factor into the construction of [2] so long as it is liftable and that it is of the correct dimension. We summarize the construction in [2] and show that it applies for the modified deformation condition at p.
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Summary of Notation
• For all rational primes v fix a choice of an algebraic closure ofQ v and a choice of an embedding A morphism of coefficient rings is a homomorphism of Z p -algebras compatible with residual isomorphisms.
Lifting to Characteristic Zero
We proceed to describe the local deformation condition at p which will in particular ensure that our deformations are unramified over Q(µ p ∞ ) at all primes p|p. The tangent space N p is defined as the set of deformations ofρ to the dual numbers F p (F p [ε]) which has a natural structure of an F p vector space and is realized as a subspace of H 1 (G p , Ad 0ρ ).
The functor F p is a liftable deformation condition. Observe that since G p acts diagonally, the 1 dimensional space Diag(ρ ↾Gp ) is a summand of Ad 0ρ ↾Gp and Ad 0ρ 
The dimension of N p is dim N p = dim H 0 (G p , Ad 0ρ ) + 1 = 2.
Proof. Explicitly, N p is the set of elements X ∈ H 1 (G p , Ad 0ρ ) for which the twistρ(Id+ǫX) is diagonal, we deduce that N p = H 1 (G p , Diag(ρ)).
We employ the Euler characteristic formula and local duality to compute dim N p dim N p = dim H 1 (G p , Diag(ρ))
The assumptions onρ satisfy those on the assumptions laid out on the residual representations examined in [2] . Proof. The reducible representationρ = φ * 0 1 with φ =χ i , we recall that i = (p − 1)/2 is odd and 2 ≤ i ≤ p − 3. We enumerate the six conditions and show that they are satisfied:
• Condition (0) is satisfied since p = 2.
• Condition (1) requires thatρ is indecomposable (or in other words, not semi-simple), this follows by construction as the extension E/Q(µ p ) is a non-trivial extension. • Condition (2) requires that φ 2 = 1, or equivalently, 2i ≡ 0 mod (p − 1) which is satisfied. • Condition (3) requires that φ =χ ±1 which follows from the assumption on i.
• Condition (4) is automatically satisfied since the field in question F q is F p .
• Since i is odd,ρ is odd. Condition (5) requires thatρ thatρ ↾Gp is not unramified of the form 1 * 0 1 (where * may be trivial). The integer i is divisible by p − 1 and as a consequence, this condition is satisfied.
In the proof of Theorem 1.1, the following Lemma is applied in deducing that the image of a suitably constructed lift ρ ofρ contains the principal congruence subgroup of SL 2 (Z p ). Lemma 3.4. Let p ≥ 5 be a prime X be a closed subgroup of SL 2 (Z p ) and let X 2 be the image of X in SL 2 (Z/p 2 Z). Suppose that X 2 contains the principal congruence subgroup of SL 2 (Z/p 2 Z), then X contains the principal congruence subgroup of SL 2 (Z p ).
Proof. The proof follows from that of Lemma 3 in [5] [Chapter 4, Section 3.4] with very little modification.
Proof. (of Theorem 1.1)
At the auxiliary primes the deformation conditions coincide with those of [2] , however at p the deformation condition we work with in this manuscript is the deformation condition of Definition 3.1. We refer to the ordinary tangent space N ord p of the ordinary condition at p, by Proposition 3.2 dim N p = dim H 0 (G Qp , Ad 0ρ ) + 1 = dim N ord p . The rest of the argument does not differ from that in [2] , the choice of the deformation condition at p does not factor into Hamblen and Ramakrishna's lifting construction.
As a consequence of Proposition 42 of [2] ,
contains the principal congruence subgroup. It follows from Lemma 3.4 that ρ(G Q(µ p ∞ ) ) contains the principal congruence subgroup in SL 2 (Z p ). The construction of Hamblen and Ramakrishna produces infinitely many lifts ρ ofρ which satisfy the conditions of Theorem 1.1.
Proof. (of Corollory 1.2)
Let ρ be a lift ofρ satisfying the conditions of Theorem 1.2. We let L be fixed field of ρ. The infinite cyclotomic field Q(µ p ∞ ) is the fixed field of detρ = χ i+p 2 (p−1) . Since ρ(G Q(µ p ∞ ) ) contains the principal congruence subgroup of SL 2 (Z p ) we see that Gal(L/Q(µ p ∞ )) is topologically isomorphic to a subgroup of SL 2 (Z p ) which contains the principal congruence subgroup.
The local representation ρ ↾Gp is a sum of characters ϕ 1 and ϕ 2 , we deduce that L is unramified at all primes above p.
Sinceρ ↾G Q(µp) is unramified at all primes, it follows that at the primes at which L is ramified, L must be tamely ramified.
